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It is shown that, on a closed convex subset X of a real Hausdorff locally convex 
space E, a continuous linear functional x’ on E has an extremum at an extreme 
point of X, provided X contains no line and X n (x’)-’ (A,) is non-empty and 
weakly compact for some real A,, It is also shown that any weakly locally compact 
closed convex subset of E that contains no line is the sum of its asymptotic cone 
and the closed convex hull of its extreme points. 
In this paper, we obtain a sufftcient condition for a continuous linear 
functional on a real Hausdorff locally convex space to attain a minimum or 
maximum value on a closed convex subset of the space that contains no line. 
The result is contained in the following theorem, which is closely related to 
Fan’s generalization [I] of the Alaoglu-Bourbaki theorem. 
THEOREM 1. Let E be a real Hausdorff locally comex space, X a closed 
cotwex subset of E which does not contain a line, x’ a continuous linear 
functional on E such that X ~7 (xl)-’ (A,) is non-empty and weakly compact 
for some real number A,. Then x’ is either bounded below or bounded aboae 
on X. In either case, it attains its extremum at an extreme point of X. 
Proof: First we remark that the result of the theorem is obvious in the 
two special cases 
and 
xf-l (x’)-’ (A) = 0 for all 1 < 1, 
xc-l (xl)-’ (A) = 0 for all L > A,. 
For the weakly compact set Xn (x’)) ’ (L,) on which x’ then attains its 
extreme value ,I, on X has an extreme point (by the Krein-Milman theorem), 
and this is also an extreme point of X. 
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We may therefore assume without loss of generality that X contains points 
.u,and x2 such that ,Y’(?I,) > A,, x’(x2) < A,. Since X is convex, every point x 
of X satisfying Y(x) < A,, (resp. x’(x) > A,,) belongs to the (convex) cone of 
vertex x, (resp. x2) generated by X n (x’)-’ (Lo). Since X n (x’) -’ (A,,) is 
weakly compact, it is clear that Xn (?c’)-’ [A,, A] is weakly compact for 
any bounded closed interval [A,. A,]. In particular X is weakly locally 
compact, and X n (x’) - ’ (A) is weakly compact for all real A. 
Next we prove that Xn (x’)-’ (A) cannot be non-empty for all real A. 
Suppose on the contrary that it is non-empty for all real A. Then. for any 
strictly increasing sequence (A,} of positive real numbers tending to infinity, 
there exist sequences (x,} and (J,} in X such that x’(x,) =A,, and 
x’(J,) = -L, for all n. We have 
t,= (Y)x~+ (y) y,Exn(x’)-I@,), 
g,= (9)x.+ (y) p,Exn(.fp’(-A,) 
for all n. Since XC? (+Y’))’ (A,) and Xn(x’)-’ (-A,) are both weakly 
compact, we may assume without loss of generality (by passing to a subse- 
quence if necessary) that <,, -+ r and q,+ q as n -+ co. with respect to the 
weak topology u(E. E’). where x’(r) = II,, x’(q) = 4,. If n > k > 1. we 
have 
Keeping k fixed and letting n tend to infinity, the left-hand side tends weakly 
to 
and, since X n (x’))’ (A,) is weakly closed, this vector must belong to it. 
Similarly 
(q) rl- (kj$) tfzxn (,6)-l (4,). 
The closed line segment joining these two points therefore lies entirely in X. 
and, since this holds for all k. we conclude that the whole of the (infinite) 
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line through < and q is contained in X, contrary to our hypothesis that X 
contains no line. 
Since X is convex, we must therefore have 
either 
xn (x’)-‘(A) = 0 for all sufficiently small A 
or 
xn (x’)-’ (A) = 0 for all suficiently large 1. 
In the former case, let A* be the infimum of those II for which 
xn (x’)- ’ (A) f 0. Then 
Xn (Y-’ (A*) = 0 (xn (d-l [A*. A]) 
.1 i A. 
is non-empty, by the finite intersection property. Since it is weakly compact, 
it has an extreme point x*, which is also an extreme point of X, at which s’ 
attains its global minimum value 1* on X. Similarly, in the other case, 
x/attains its global maximum on X at an extreme point of X. This finishes 
the proof. 
Whether the above extremum is a minimum or a maximum depends on the 
relationship between x’ and the asymptotic (characteristic) cone [2, 3] 
C(X) = (-) 1(X-x) 
1>0 
of X, where x is any point of X, the definition being independent of the 
choice of x. We get a maximum if x’ belongs to the polar 
C(X)” = {x’ E E’: x’(x) < 0 for all x E C(X)} 
of C(X), a minimum if -x’ E C(X)“, the conditions of the theorem ensuring 
that one or other of these conditions holds. 
Under the conditions of Theorem 1, which imply that X is weakly locally 
compact, it is quite easy to show (by an extension of the argument used to 
prove Theorem 1) that 
x = cv i?(X) + C(X), 
where a(X) is the set of all extreme points of X, and cv denotes convex hull. 
In fact this result (proved under somewhat different conditions by Choquet 
141) holds more generally for any weakly locally compact closed convex 
subset X of E that does not contain a line. 
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THEOREM 2. For any weakly locally compact closed contlex subset X of 
a real Hausdorfl locally convex space E such that X contains no line, 
x=cvp(x)+ C(X). 
Proof. Klee [5 ] has shown that. under the above conditions, 
X = cv(F(X) U Zrr(X)), 
where er(X) is the union of all extreme rays of X. Since the endpoint of an 
extreme ray is an extreme point of X, it is clear that 
cv(F(X) U Fr(X)) c cv 8(X) + C(X). 
Hence 
x=G-qq+ C(X). 
To prove Theorem 2, it is thus sufficient to show that the convex set 
cv c?(x) + C(X) is closed. 
Now it has been proved by Dieudonne 161 that the sum X, + X, of two 
closed non-empty convex sets X, and X2 in a Hausdorff topological vector 
space is closed provided one of the sets is locally compact and 
C(X,) n C(-X2) = (0 1. 
Taking X, = cv e(X) and X, = C(X), we see that both sets are locally 
compact, that C(X,) c C(X), and that C(-X,) = --C(X,) = -C(X). whence 
c(x,) n q-x2) c c(x) n (-c(x)) = (0 1. 
as X does not contain a line. Hence cv 8(X’) + C(X) is closed, and the 
theorem is proved. 
COROLLARY. If, under the conditions of Theorem 2, m is weakly 
compact, then any x’ in C(X)” (resp. -C(X)“) has a global maximum (resp. 
minimumj on X. 
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